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Abstract: Both real and complex semiclassical eigen energies
of two dimensional non-Hermitian Hamiltonian systems
are obtained by classical (Lie transform) perturbation theory
requiring the action variables I, and 1, to satisfy the quantization
condition 1,.=(n+(1/2))A and 1,=(n+(1/2)) respectively
where n,, n, are integers. Classical perturbation theory with Lie
transform makes classical trajectories, which are non-periodic
or non-quasi-periodic, periodic. It was observed that this
method produces accurate eigen energies even when classical
trajectories are not periodic or quasi-periodic. Eigen energies
obtained by classical perturbation theory are compared with
the same, determined by Rayleigh-Schroedinger perturbation
theory
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INTRODUCTION

Real non-separable  multidimensional ~ Harmonic
Oscillator Systems have been widely used in the past
for investigating classical chaos and its manifestation in
quantum mechanics in Hamiltonian systems'2, Further
more, semiclassical investigations of these oscillators
provide insight into the various experiments related to the
intramolecular energy transfer and understanding of the
nature and meaning of intramolecular randomization3,
Although non-Hermitian multidimensional Harmonic
oscillator systems do not provide such a practical
insight yet, semiclassical investigations of non-
Hermitian complex Hamiltonian systems are important
from both the fundamental and practical point of view.
In the first place they may expose important clues
hidden in the correspondence between classical and
quantum mechanics, especially when classical motion
becomes chaotic or PT symmetry of quantum states are
spontaneously broken. Secondly, they provide powerful

tools for calculations of highly excited energy spectra
of the multidimensional complex systems. Particularly,
when action variables or eigen energy expressions
are available in analytic form, it is possible to have a
better understanding on the classical behaviour, the
semiclassical quantization and the semiclassical limit.

Classical perturbation theory based on Lie
transforms has been used to obtain constants of motion
of 2-D coupled Harmonic oscillator systems*#** and
to determine semiclassical eigen energies and linking
quantum avoided crossing with classical chaos in real
Hermitian systems in the past'®Y. Classical motion
of 1-D non-Hermitian Hamiltonian systems has been
studied in several investigations'2, In this paper, we use
Lie transforms to investigate the classical frequencies and
real and complex semiclassical eigen values of 2-D non
Hermitian Hamiltonian systems analytically. In particular,
we study two Hamiltonians, H_ and H,, which are non
Hermitian and classical trajectories of H_ which do not
have periodic or quasi periodic trajectories,

H,= (1/2) [p2 +p2 + 02x2+ 0,2x,2] +igxx,? ... (1)
and
H, = (1/2) [p12 + pz2 + a)12x12 + w22x22] + igX12X22 .. (2)

H, is PT symmetric while H, is neither PT symmetric nor
pseudo-Hermitian. Using Lietransform, we find integrable
Hamiltonians which are the integrable approximates to
non-integrable Hamiltonians H, and H,. Outline of the
paper is as follows. In section I, we describe the classical
perturbation theory (Lie transform) method and apply it
for the above systems to obtain approximate integrable
Hamiltonians. In section 1, classical frequencies are
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obtained by solving the equation of motion in transformed
coordinates. In section 111, the semiclassical eigen values
are calculated using classical perturbation theory and
compares them with exact and Rayleigh-Schroedinger
perturbation energies. Concluding remarks are given in
section IV.

| Classical Lie canonical transform

In this section, first we describe the classical perturbation
theory based on Lie canonical transformations. (For
further details, see reference 14 & 15). Consider the
Hamiltonian of the form

H=H,+éH, - (3)
where H, = (1/2) [p? + p,> + 0’ x? + 02 x,”] and
H, (x,, x,) makes the above Hamiltonian H non-separable

and non-Hermitian. Hamilton’s equation of motion for
the above Hamiltonian is

dp; __oH . (4)
dt Ox;
and p
o . (6)
dt  0p,;
(=12).
Now consider the transformation (pj VX)), 51.) given by
s, ,0S, 1 z{asl } .
p, =N, —e—2—" 20— 8§ ++0(&7) .. (6)
N A P
and
oS, as, 1 ,]as
x, =& +e—2 _522_82{1’5}_,_0(83) - (7
ST on, on, 2 |on, "
where { } represents the Poisson bracket and equations
of motion become
dn; _ _0H_ .8
dt o,
, .. (9)
dat  dny,

(j=1,2) and the new Hamiltonian H"(#,&)=H(p,x). The
purpose for introducing this canonical transformation is,
to eliminate, from Hamiltonian H, the parameter z which
is introduced in (11) and (12). Now we expand H"in a
power series of ¢ as

H* (1.9) = Hy (1.9) +eH,"(n.¢) + - (10)
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and parameter 7 is introduced by the auxiliary equation

dn, __0oH, .. (1)
dr o¢g,

dc, _oH, . (12)
dr  onm,

(7=1,2) and hence H,"= const. The H, "s in the power series
(10) are obtained (details are given in reference 14,15) by

Hj = [%j (7% +7m,% + 0282 + @,%8,7]
Hy*=[H,01.9)];

S, =] [H,.8)-H,*] dz .. (13)

1
Hz*:E{H1+H1*’Sl}s
S j— 1 * *
2—_[ E{H1+H1 Sip—H, *|d7
Hs :5{H1+H1 vsz}s+§{Hz+H2 ’Sl}s+5{{H1_H1 'Sl}'sl}s

where the subscript s stands for the average value which
is defined for a function A as

A, = Iim}J.A(r)dr - (14)
0

t—>otl
and for a periodic function with period T above equation
becomes

A, :i];A(r)dr .. (15)

Now we obtain H ", H" and equivalent constants of motion
for two non-Hermitian systems given in equations (1)
and (2). The Hamiltonian H_ in (1) is PT symmetric and
known to have all eigen values real. Assuming o, is not
commensurable with w,, H,"(n,&) and H'(n,§) are found
for the above system as

& g (16)

e, 2, 2) 2 22, ) 2]
H, _E[(gl +1; /o) )wl +(§z +1m, /a’z)wz] 207 (@ 400y
where f,={(e, 30 /8) (&, 411,0,) o (41,70 ?)

(&7 n, 70,2}
. (17)

Hio* =2 4l + 00l + 0282,

This new system admits two first integrals, Hao*zconst
and H_"=const and they are equivalent to

(& + 721 0F)= const .. (18)
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2-D Classical (Lie transform) Perturbation theory

(522 + 7722/a)22)= const ... (19)

Above equations (16), (18) and (19) will be used to
quantize this system in the section III. Now we find
similar expressions of H~ and H" for the Hamiltonian
systems H,.

[(51 /! /wl)wl +(§2 +17, /wz)wz]"'
} (20)

(6812"'77122/?2)(52 +772/w2){|g+ Zﬂ‘
o} (@] - @) 2

NG I\J\

where

ﬂ:{(3w22—2w12)(5124‘7’]12/6()12)+(36{)12—26()22)(5224‘}’]22/6022)}
H—1(2+ 2+22+22) (21)
bo =5 M+, + o + w6,

The above Hamiltonians are functions of new variables
&, &, np» and m, only in the form & *+n,*/w > and §,>+n,?/
o,% These transformed Hamiltonians are merely the
Borkhoff normal forms'?? of the original Hamiltonians.

11 Classical frequencies

In the previous section we expressed the Hamiltonians of
two non-Hermitian systems given by (1) and (2) in terms
of constants of motion using classical Lie transform
method. Constants of motion for these two dimensional
potentials, are

&2+ n2lw?) = const - c, .. (22)
(&2 + n,Mlw,?) = const - c, .. (23)
Therefore, functions of & *+#,%w 2 and &7+n,%w,? are

also constants of motion of those systems. In terms of c,
and c,, Hamiltonians H, and H, become

] g {(a)2 3} 18)C; + alcc, .. (24)

H,2*= 1[c1a1l+cw
T2 ’ 20 (@ - 4%)

]+ 1 ce, {ig+ g*{30 = 200)¢, + Gat —207)c, )1 2}

H* :7[0,501 +c,w; DN — )
172 2 1

.. (25)

respectively. Using equation (8) and (9), we write the
equations of motion for the above systems in terms of
c,andc, as
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_2(oH,*
where k={a,b}, j={1,2} and .1 = | ac, | Frequencies

Q, are independent of time as ¢, and ¢, are constants of
motlon Therefore, the solutions of equatlon motion (26)
are simply

gj :\/?jcos(gk,jt+¢) .. (27)

1y =-Q, ;,[c; Sin(Q, ;t+9)

where @ is an integration constant and

. g%
oy (@ —4a3)
0 —p 29C@ =318 g% - (28)
O wdf (@ -4d)  w(af -4dE)
i giz 2 _ o2 2 _ 5.2
o —as lcz{ngr 2 {(3“)2 2ay)c, + (3 20)2)02}} e, (30)2 _20)1)
o 2 &3} - ) 4} (e} - o)
f 972 2 o 2 2 o2
o - +101{|g+ 2 {(3“)2 2ay)c, + (3ay 2(1)2)02}} Clczg (3&)2 wa)
MR w3 (@f - af) 4l 03 (@} — o)
. (29)

It is important to note that Hamiltonians H, " (k={a,b}) are
integrable, while corresponding original Hamiltonians
H,_ are not. H, " are the integrable approximates to H, . It is
evident from the above expressions for the frequencies of
oscillations Q, ;> that the classical trajectories of the first
Hamiltonian system is periodic with real frequencies.
However, the frequencies of the second Hamiltonian H*
are complex and classical trajectories of that Hamiltonian
are therefore non-periodic. Under the Lie transform,
non-integrable Hamiltonians became integrable and
quasi-periodic trajectories of the first pseudo Hermitian
Hamiltonian became periodic. However, trajectories
of the second non-pseudo Hermitian Hamiltonians did
not become periodic. Then an important question to
address is that whether the semiclassical quantization of
the above complex non-Hermitian systems accurately
produce the quantum eigen values as it does in the case
of real Hermitian systems. This issue is addressed in the
next section.

111 Semiclassical eigen values

In order to find semiclassical energy eigen values of those
three Hamiltonians, first we make the transformation to
action variables as or I, = (§ + 1/ w?) wz

d’¢, =2+ 0t o)) ox ... (30)

I+ Q2% f =0 ... (26) T
dt? 1=+ o)) ox .. (31)
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Therefore, Hamiltonians in terms of action variable 1,
and I, are given by

29° B...(32)

1
H(,,0,) =—|lo + o, |-———2
(1,15) 27[[1a)l+ zwz] ”20)12@22(0)12_45‘)22)

1
Hb(llv Iz) =§[|1w1 + |2(02]+

1,1, g
+
(@ - &), {'g am

.. (33)

where = {(0,?-3w 28)l,*+1 |, 0, »,} and
B, = {(Bw,-20 ) 0,+(w 20,20, }

Now we quantize the systems H, and H, with the
guantization conditions

I, =(n1 +1jh
2
1

12 2(}’12 +2jh

where n, and n, are the two quantum numbers. In this
way, we can quantize both non-Hermitian Hamiltonians
discussed above. Now we derive expressions for quantum
mechanical eigen energies by applying aforementioned
guantization conditions.

.. (34)

.. (35)

Imposing conditions (34) and (35) on (32) and
(33), we obtain the guantum eigen energy expressions
for the Non-Hermitian systems defined in (1) and (2)
respectively as

1 1
Eﬂnlnz = |:(7’ll + 2)60] + (}’lz + 2)602 :| —

o . (36)
ol 0} (o] —4w]) P
o [ Do
. 37)

) o2 5)

3 4, 2 2
o0, (0; — @) 212}

where now S ={(w,*3w,8)(n,+1/2)?w 2+(n,+1/2)
(n,+1/2) w, w, and B, ={(3w,*-2w,2)(n,+1/2)w,+ (3w *
2w,2)(n,+1/2)w, } and 71 is taken as unity.
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E”nln2 and Ebnlnz in (36) and (37) are the quantum eigen
energies of the systems (1) and (2) respectively and n,
and n, are non negative integers (quantum numbers).
Tables 1 and 2 contain the eigen energies calculated
using second order Lie transform method and the second
order Rayleigh-Schroedinger perturbation theory. For
comparison purposes, exact eigen energies which are
obtained by diagonalizing the Hamiltonian in Harmonic
oscillator basis set are also included in each table.

Table 1: First ten eigen energies of V(x) = (1/2)[w > x *+ w,? x,2 + igx x,?
where ©,=0.7, »,=1.3 and g=0.08 are calculated using Lie
transform method and the second order Rayleigh-Schroedinger
(RS) perturbation theory. “Exact” eigen energies are obtained
by diagonalizing the Hamiltonian in Harmonic oscillator basis

set.

Exact Lie transform 2" order RS Perturb
1.00137 1.00149 1.00138
1.70247 1.70261 1.7025
2.30981 2.31004 2.30992
2.40355 2.40373 2.40362
3.01305 3.0134 3.01329
3.10462 3.10485 3.10474
3.62548 3.62601 3.6259
3.71624 3.71677 3.71665
3.80567 3.80598 3.80586
4.33079 4.33162 4.33151

Table 2: First ten eigen energies V(x) = (1/2)[w,* x> + w,? x,2+ igxx?
of where »,=0.7, »,=1.3 and g=0.05 are calculated using
Lie transform method and Rayleigh-Schroedinger (RS)
perturbation theory. “Exact” eigen energies are obtained by
diagonalizing the Hamiltonian in Harmonic oscillator basis
set.

Exact Lie Transform 2" order RS Perturb

1.0006 + 0.0137i 1.0005 + 0.0137i 1.0006 + 0.0137i

1.7026 + 0.0408i 1.7029 + 0.0412i 1.7027 + 0.0412i
2.3033 + 0.0406i 2.3027 + 0.0412i 2.3034 + 0.0412i
2.4064 + 0.0674i 2.4073 + 0.0687i 2.4067 + 0.0687i
3.0121 + 0.1210i 3.0125 + 0.1236i 3.0129 + 0.1236i
3.1117 + 0.0930i 3.1136 + 0.0962i 3.1128 + 0.0962i
3.6074 + 0.0669i 3.6066 + 0.0687i 3.6079 + 0.0687i
3.7258 + 0.1992i 3.7282 + 0.2060i 3.7283 + 0.2060i
3.8181 + 0.1174i 3.8219 + 0.1236i 3.8208 + 0.1236i
4.3255 +0.1993i  4.3272 + 0.2060i 4.3283 + 0.2060i

The above two tables clearly show that the semiclassical
eigen energies are in good agreement with exact
quantum eigen values regardless of the Hermiticity of the
Hamiltonians and whether the periods of the trajectories
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are real or not. For the Hamiltonian H,, the second
order Rayleigh-Schroedinger (RS) perturbation theory
produces same complex energies as the semiclassical
energies calculated with Lie transform method.

IV Concluding remarks

In this paper, we studied two 2D non Hermitian complex
Hamiltonians, H_ and H_ with Classical Lie transform
method. The first Hamiltonian H_ is PT symmetric and
the entire quantum energy spectrum is found to be real
and positive. In this study it was found that classical
phase space of H_ contains periodic trajectories and
analytic expression for frequency of oscillations was
obtained. Semiclassical energies are obtained as an
algebraic expression and semiclassical eigen energies are
found to be in very good agreement with exact quantum
eigen energies.

The second Hamiltonian H, is not even pseudo
Hermitian. The entire quantum energy spectrum is
complex. The classical frequencies are found to be
complex and hence all the classical trajectories are
non periodic. Since an action variable is intrinsically a
concept associated with periodic motion, existence of
action variable is directly linked with that of the periodic
motion. However, semiclassical eigen energies based on
quantization of the action variables in this system are
found to be quite accurate although no trajectories of this
system is periodic.
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